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We find, however, that the expressions given in /2/ for the characteristic quantities

v 3 a . 3 (a 3 1 B L.
a!?“?“%ﬂiﬂ“?ﬁ?‘(ww~§¢¢ (B4
, 3 a Z
Bl=gm m=—
do not satisfy Egs.(A.2). Therefore the expressions given for the coefficients of resistance

of a spherical particle are incorrect,
The error in /2/ is caused by the fact that instead of Eqg.{A.2) the author used
VR =V, (A.5)
which were obtained as follows. In order for the pair (13, P/} to be a solution of {A.2), it

is sufficient for that pair to be a solution of the eguation V;{—8inPd + VmVis' + ViVp') =0, or
in expanded form, to

fm=t, = VP + VWV VTV =0 (A.6)
fmmm2, — BVgP, A VWV, VWV, =0

fmm=3, — 8,yVgP, 4 VoVgV,, + V,Vaby, =0

F=1, m=2, —0pViP, +V VY, VTV, =0

f=1, m=3, — 8,V P/ + VsV + VUiV =0

f=2, m=2, —O8,VgP, ViU,V 4 VY.V, =0 etes

In /2/ the first three equations of (A.6) were combined to obtain, naturally, (A.5), and
the remaining equations of (A.6) were neglected. The present discussion shows, however, that
the system (A.3), (A.5) is not equivalent to the system (A.2), {(A.3).

We note that in the special case of isotropic viscosity

s = M 0y0 50, + 8,58,

the relations (A.l) become v; = Vijug, p = P,/us, equations (A.2) reduce to Egs.{(A.5) and the
problem, as well as the method of solving it in /2/, become identical with the results in /4/.
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ON THE STABILITY OF A VAPOUR-LIQUID MEDIUM CONTAINING BUBBLES

V.SH. SHAGAPOV

A problem of the stability of a vapour-liquid medium containing bubbles is
investigated. It is shown that since the surface tension and phase
transitions act simultaneously, a range of values of the parameters of the
vapour—liquid and vapour-gas-~liquid media containing bubbles exists, for
which the equilibrium state is unstable. The effect of various parameters
of the two-phase medium, such as the volume content of the bubbles, the
mass content of the gas and the degree of dispersion of the medium, on

the increment characterizing the rate of development of the instability,
is analysed.

1. Fundamental equations. Let us consider the propagation of small perturbations
through a polydisperse mixture of liquid and bubbles of m —1 kinds, under the usual assump-
tions made for two-phase media. Moreover, we shall assume that the gaseous phase consists
of the vapour from the liquid phase, and some "inert" gas which takes no part in the process
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of mass transfer between the phases. The phase velocities are the same. Then the system of
equations of the mass, the number of bubbles and the momentum for one-dimensional motion, has
the following form in the linear approximation:

pr. )
7 P h ——21 5 F P =1 Ly
én{ v v a
= P et i f4)
fimbmailngiy, G +tme gy =0 g =—5r
m
. 4
p= O =P, o =g na’n
EE5 8
The indices i=141 and i=2,...,m vrefer to the parameters of the liquid and gas respectively

in bubbles of the i-th kind, p;,p v, pi,ni.a are the perturbations in the density, velocity,
pressure, number of bubbles per unit volume of the mixture and the radius of the bubbles, and
I, i; are the mass transfer intensities between the phases per unit volume of the mixture and
unit area of the interphase boundary. The parameters corresponding to the unperturbed state,
have an additional zero subscript.

In order to take into account the heat and mass transfer between the phases, we will write
the equation of heat conduction inside and outside the bubbles, and the diffusion eguation
inside the bubble, as

T,y 4

[T a;‘ = 3 ( :1 ) r> “;’n) (‘1.2)
aT, £ 8 GpA dg.’

PiaCip agz = ( ) —Piy(By— B To 5~

ag; { 4 dg;

737""7'57(“' Cip = opkio T+ Sgp (1 — 8ighs

i=21---rm (r<“1o)

Here r is the microcoordinate (the distance from the bubble centre), 7', ¢ is the temperature
and mass vapour content distribution, ¢, ¢p ¢y is the specific heat capacity of the liquid and
of the mixture in bubbles at constant pressure and volume respectively, B is the gas constant,
4; 1is the thermal conductivity of the phases, and %; is the diffusion coefficient; the primes
denote the microparameters (i.e. the parameters depending on r).

We write the equations of state in the form

P =01 P = Pyt Py =0, B+ BYT =p BT, i=2,....m (1.3)
where the subscripts v and ¢ refer to the vapour and the gas within the bubbles.
The equation of oscillatory motion, ignoring the compression of the bubbles, will be
written in the form
9500u0y3/8t + dviw, = (p; — P+ 23/8,)/p " 1.4

where (wy, w; are the velocities of the oscillatory motion of the liguid and gas at the inter-
phase surface, ¢ is the surface tension and » is the kinematic viscosity of the liquid.
We will specify the following conditions at the surface of separation of the phases (r == aj):
oy aTy .
Ty =T'=Ty M—g——M—— =1 1.5

i ia’

[0 () o

da; ag; . da; C B
P {8l —w ) b | =’ \ e VL =T PR

where {{ is the latent heat of vapourisation. Moreover we have
agi'far = 0, aTy/or =0 (r = 0), Ty = To (r = o0) £1.6)

We will write the Clausius-Clapeyron equation for the values of the parameters at the

boundary of separation of the phases, for states distant from the critical states as
8Py /0T 4 =P 4T,

In the course of solving the problems it is convenient to use the relation for p; obtained
from the equation of heat conduction inside the bubbles, under the assumption that the condition
of uniform pressure /1/ holds

3p; 3 o %
B = Tagy | il — i’ By — B Tk | 5 Jay, “.n
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We will seek the solution for the system in question in the form p, v, a, w~ exp (iKx 4 oi),
7' = T (r}exp (iKx + of), g’ = g {r) exp (iKzx | of) where K is the wave number and e 1is the complex
frequency. Assuming that the effect of radial inertia and viscosity can be neglected as
compared with the effect of the lack of thermal equilibrium, i.e. assuming that the extent
of the instability is determined by the heat and mass transfer processes, we obtain the follow-
ing dispersion egquation:

”
K Fig 3viPig 25
3r+3WE:mr=mv¢a= 0, ey (1.8
Ye A1) - HH () ] [ Hy
. A
O =14 7 + “n i +

v, {z;) .’lia ]-1
(- gio) ﬂi 1+ ¥)
T (z)==3{zcthz — 1) 23, z, = (watx{Th"
= (0a ioz/"(;T))‘/‘ 5y == (e ”i)‘/’ “(r) == Ayf(pro°er}
WO = Alpigiy)s Hy = By/Bigy Hy = BylBiy piy= pro+2/ay

ot (B el T
Bi=3n,—1H, pi;c{p( [ vogp={1+ B, pw”'1

2. A vapour-liquid medium (g, =1). In the present case the equilibrium mixture will
always be monodisperse and relation (1.8) will take the form

o) = [ 6u+w} :(%%Y_gxo ' @
(d' zﬁ%;;' I= 3?:20')

The function f{w) satisfies on the positive semi-axes the conditions f (@) >0, [ =
-2 L 0; fl{o) ~+00 a5 @ — 4+ 0. Therefore Egq.{(2.1) has a unique positive root. Using the argument
principle /2/ we can show that there are no other solutions in the complex right half-plane.

We will show that in the left half-plane Eq.(2.1) has complex conjugate roots correspond-
ing to two running decaying waves moving in opposite directions. To do this, we take in the
left upper quadrant the contour shown in Fig.la. Introducing the parameter we,/x, = ~z2  we
have, on the segment NW,

3
In() = =T

Therefore on the segment ¥W Im (/>0 and the contour changes its shape to the one shown
in Fig.lb. Hence the function f(e) has a single root within the region bounded by this
contour. By virtue of the properties of f(w), the complex conjugate point will also be a root
of (2.1).
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An analysis of {2.1) shows that when the wave number XK varies from zero to infinity, the
increment ® increases monotonically from zero to some maximum value o, and
Oy folT) — 41(1 -+ 4 (2 — i)!B)"'““]‘ m(T)=“£T)/a°s (2.2)

Note that the following physical meaning can be assigned to the parameter y: it represents
the ratioc of the bubble radius to the liguid layer thickness near the interphase surface where
the temperature fluctuations mostly occur. Let y<£1i. Then, solving Eq.(2.1) for the
increment, we have
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K3t [( 40,338
W=

l/i
o [(1+5m)" —1] @=omp) 2.3
and this yields

o~KdyE, K€K =402/
o~ (1 — 0l2/(KWd?), K> K 2 (0 = eI}

The assumptions used in deriving (2.3) imply, that (px)’*<€1. Then we obtain the following
expression for the bubble radius:
o*>at, a,=20B/(3vpu) 2.4)
When py, = 10* and 10¢ Pa, for a water vapour-water mixture, for example, we have 4, = 107 and 1.5.10-¢m,
In the analysis of the stability the quantity e, appears to be the most important. For the pressure
values given above and for e, = 10~* m we have, according to (2.2), @, =50 and oO. 3sec™), and for.a, = 10t
we have.o,, = 0.2.10-! and 0.3-10-3. Thus the water vapour~water mixtures are strongly unstable when a, < 10~ m.
The boundary condition (1.6) for I’ expressing the constancy of the temperature away from
the bubble (the condition that the cell is isothermal /1/) is adopted in some cases when the
temperature fluctuations in the fluid initiated by the radial motions of the bubbles are
smaller than the mean.distance separating the bubbles (y(4 —1)321, 4 = ag"""). When y(4—1)<<1,
the above boundary condition must be replaced by the condition of adiabaticity of the cell
AT or = 0 (r = ayay™7%)
where gyt is the radius of the spherical cell, and in place of (2.1) we obtain

Satao {Poo (1 — M2 (A — 1P} 4 (0f(Kd)R — 2 =0 (2.5)
M= (A4 — 1) (549 + 643 + 344 1)/[15 (42 — 1)]

The above equation has a positive solution if agfay, < PS/3 , otherwise it has no solutions
in the right half-plane and the mixture is therefore stable. The dependence of the increment
on the wave number is the same as before. We see from the relation M (ay) shown in Fig.2
that within the framework of the assumptions used in deriving (2.5), we can assume that
My*(A —1"<€1 when @, >>103, Then, solving Eqg.(2.5) for the increment, we obtain

3 (RKd) M(A—1)Yc f i oDo, Boao )'/. ]
O="7 "o Boe = [(1 + T__(T(_d')’_—m —1 (2.6)
Wy Z
—Tr = ( 53:: - 1) (M (4 — W]

The above solution satisfies the conditions used in deriving it, provided that BZa;¢/(3cte) —
1<1. when Ppro = 10* and lO6 Pa and e, = 10-* m, we have BZ = 0.405; 0.0435, and we can therefore
use the solution (2.6) for the volume content of the bubbles close to the values ay = 0.35.10~1;
0.45.10-2,

Let us consider (2.1) for y>1. Then, remembering that we usually have p>1{, we obtain

U+ Ppr<(0/(kd)2 ~Z =0

This yields the following expression for the maximum value of“the increment:
o 0T =B/t — I)]

The solution holds for sufficiently finely dispersed media such that &y < e, where g, is
the characteristic radius given by (2.4).

To explain the mechanism of the instability under discussion, we will consider a vapour-
liquid mixture containing bubbles, in the isothermal equilibrium approximation (I} = Ty = T, =
const), i.e. we will consider a hypothetical mixture for which the thermal conductivities are
infinite. Then the pressure within the liquid and the bubbles will be connected by the
relation .py = p, + 20/a.  Since py= pg(T,) (pg(Ty) 1is the saturation pressure at the temperature
Ty, it follows that the vapour pressure within the bubbles is constant in this approximation.
Consequently the pressure perturbations §8p, and the perturbations in the bubble radius are
connected by the relation

8p = 8p, = 20a,20a {2.7)

Replacing 8a by the mean density perturbation of the medium and neglecting the compress-
ibility of the liquid, we obtain §p = —d&#%8p in place of (2.7). Thus when the "perfect"
medium in question is compressed (§p>0), it responds by a drop in pressure and is therefore
unstable.

on the other hand, by replacing the isothermal condition by the cell adiabaticity condition,
we obtain a narrowing of the domain of instability. For such an equilibrium mixture the
relation connecting the increment with the wave number X is linear: o=d}/ZK. Taking account
of the lack of equilibrium in the heat and mass transfer processes, radial inertia and other
effects, only perturbs the linear form of this relation without affecting the domain of
instability.
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3. A vapour-gas-liquid mixture. Using the assumptions and simplifications noted above,
above, we can reduce the dispersion equation in the monodisperse approximation to the form

¢y H () - 1)ffyﬂ(x)) P H vI1{z) »* 191 w 32
[H( g 2 (_g’"‘ { --~go>ﬁ(!+y>) ] “?“('x’d‘“,) —Z=0

3.4

We can show, as before, that the above equation has a positive root, provided that
€>8y €o=P(1+9), ®=(2+3pua/(25)B B (3.2)

If on the other hand the condition is rewritten in terms of the partial vapour pressure

within the bubbles, we have
Poo = Pg (T} > pyo -+ 40/(3a) {3.3)

Let us consider the asympiotic form of Eq.(3.1) when y<«€1. Then since we usually have
w1z 1, w,Tx1 ~1, the conditions sz, z«€1 will also hold. Using the following expansion for
the transcendental expression:

11 () = 1 + O (22/15)
and neglecting y¥$ as compared with y, we can write Eq.(3.1} in the form
e/ + (/KPP + (1 —g) Hyyt — 2 =0 {3.4)
from which we have
@, = Ou(Pro ~— P10 — 40/(3ax))/(YP2080) (8.5

The above solution satisfies the conditions under which it was obtained, for sufficiently
large bubbles satisfying condition (2.7).

The solution satisfying the conditions -y3>1 and at the same time =z <1, is aldo of
interest. In this case we have T

0 = 0T [B (pyo — pro — 45/(3a))/(vPngts (1 — T)) (3.6)

When water is mixed with water vapour-air bubbles, p,, = 10¢ 105 10° Pa and g, = 10t m, we have
2. = 0.94; 0.994; 0.9994 for the critical concentration of the vapour-air mixture. Thus although,
as shown in Sect.2, the bubble mixtures are strongly unstable when g, <10~ m, adding a negligible
amount of gas to the vapour bubbles stabilizes them.

As before, replacing the isothermal condition by the cell
adiabaticity condition we can sharpen the condition of stability,
which has the form

(4 — go) Hpv™? -+ 3goagef(Bae) > =

We see that the correction on account of the condition of
adiabaticity becomes substantial if PBZa;/(Bag) ~ 1.

Analysing the solutions (3.5) and (3.6) obtained for z:<1, we find
that they satisfy this condition over a fairly wide range of variations
of the parameters of the vapour-gas-liquid mixtures containing bubbles,
We note that the diffusion coefficient and thermal conductivity of the
vapour-gas mixture do not appear in these solutions, and therefore
the pace of instability (the value of @) is limited by the thermal

Fig.3 resistance of the liquid.

Let us consider a mixture containing bubbles of two different sizes, assuming that the
larger bubbles (radii ¢, contain vapour only. Then, when y,y<€1, we can write (1.8) in
the form

(/o) -+ [ (5282 — Za)]™ + [ds® (usgalBs — T+ (1 —go) H fys)]™ =0 3.9
42 =y, P /iProtey), B =20/(Bypy), i=2,3

analysing (3.7) we find that two typecs of dependence of the increment on the wave number
are possible. If the vapour mass content satisfies a condition analogous to (3.2) (where the
parameter g, in the expression for ¢ is replaced by as), we have two values of the increment
for every value of the wave number. If the mass content of the gas is sufficiently large
(80< 8), the relation becomes single-valued and, as the wave number varies from zero to
infinity, the increment increases from some @, to @, where ©, isaroot of the equation

4% (yg¥ife — Z,) - dy? (Walgy/Bs — Zs + (4 — go) Hylvg) = 0

Fig.3 shows schematically the dependence of the increment on the wave number. The solid
line refers to a liquid containing vapour bubbles (ug = 0), the dashed line to g,>>g, and the
dot-dash line to g, < g

Eq.{3.7) can be generalized to the case of a continuous bubble-size distribution. Let us
introduce the bubble-size distribution function f{a) such, that the volume content of the
bubbles do whose radii vary from e, tO ag 4 da,, is detexrmined from the relation da= (1 — &)
f(ao) da,. Then substituting e, = (1 — ) f (85) 6 into (1.8), passing to the limit as Agjg — 0,
using the simplification made in deriving (3.7) and assuming that 2¢/a, <€ pj, 1 — go€1, we obtain

v
Kd\ ¢ wao? 1 45 \ -1
('—OT) by 5 1 (a0) [E;('OT.) T (pvo — P1o — ——aao) day =0 (3.8)
QAep i
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The above equation for @ has no positive roots when py, < pj, NOr when pg, > p;, provided
that the bubble radii satisfy the condition

4
80 < 3" 8g 85 =0/(Pyy — Pr0) (3.9)

Therefore the mixture will be stable under these conditions also. The largest radius of
the equilibrium bubbles in the case of a superheated liquid (py,,>p,) 1is found from the
relation g, = 2a,

Thus the vapour-gas-liquid mixture containing bubbles, underheated with respect to the
saturation pressure determined at the flat boundary of separation of the phases, is always
stable. The superheated mixture is stable if the bubbles are sufficiently small and satisfy
the condition (3.9).

Therefore, the simultaneous action of capillary phenomena and phase transitions may lead
to violation of the stability of vapour-liquid mixtures containing bubbles, and the pace of
the instability in question will basically be limited by the temperature imbalance in the
liquid.
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A GENERAL SOLUTION OF THE STATIC PROBLEM OF THE THEORY
OF ASYMMETRICAL ELASTICITY’

V.I. OLIFER

A general solution of the homogeneous static relations of the theory of
asymmetric elasticity is constructed. The passage to the solution of the
classical (symmetric) theory of elasticity is shown, and the form of the
general solution for the plane problem is derived.

Certain modifications to the general solution of the equations of
eqguilibrium in the theory of elasticity serve as a basis for formulating
various different expressions for the Castigliano functional in the stress
functions /1/.

1. when the mass forces and moments are omitted, the static relations of the theory of
asymmetric elasticity have the form /2/

V.T=0, V.M—g..T=0 1.1)
where T,M are the asymmetric stress and couple stress tensors, respectively, e is the Levi-
Civita tensor and V is the Hamiltonian operator.

Consider the first relation of (1.1l). We know /2/ that a tensor whose divergence is equal
to zero can be represented in terms of the curl of another tensor. We therefore write (P is
an -arbitrary differentiable second-rank tensor)

T=VXP 1.2)

Relation (1.2) satisfies the first relation of (1.l) identically. Substituting (1.2) into
the second relation of (1.1) and taking into account the.validity of the transformation

e ' VXP=V.II..P-P.V
we can write the second relation of (1.1) in the form

V.(M+PT —II..P) =0 (1.3)
where 1 is a unit second-rank tensor and T denotes transposition.
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